In this paper, we present three new identities providing relations between Ramanujan-Göllnitz-Gordon continued fraction H (q) and the three continued fractions H (q 5 ), H (q 7 ) and H (q 11 ). We also give a new approach for relations between H (q) and H (q 3 ) which is due to Chan and Huang [Ramanujan J. 1 (1997) 75-90].
Introduction
Let, Proofs of these identities can be found in [2, p. 221 ]. Chan and Huang [3] ,
H (q)
= q 1
gave many new identities involving H (q), including relations between H (q) and H (q 3 ), H (q) and H (q 4 ).
In this paper, we establish relations between H (q) and the four continued fractions H (q 3 ), H (q 5 ), H (q 7 ) and H (q 11 ). Our relations are motivated in [1] , in which the author obtains relations between G(q) and G(q 5 ), and G(q) and G(q 7 ), where G(q) is Ramanujan's cubic continued fraction, defined by 6 1 +··· , |q| < 1.
G(q)
Now we recall some definitions and eta-function identities, which will be used in a later section. Let, as usual,
For proof of (1.3), see [6] and proofs of (1.4)-(1.7) can be found in [5] .
Main theorems
In this section, we establish certain new theta-function identities and we use these in establishing certain identities for H (q).
Lemma 2.1. Let
and Q := (q 3 ) q 3/4 (q 6 )
.
Proof. Employing Entry 24 of Chapter 16 [2, p. 39], we deduce that
where L n is as in Theorem 1.1. Using (2.2) and (2.3), respectively, in (1.3), we find that
and
From the above two identities, we have
using this in (1.4) and then multiplying throughout by (P Q) 2 , we find that
From (2.5) and (2.6), it follows that
which is readily seen to be equivalent to (2.1). Proof. Replacing q with q 2 in P and Q of Lemma 2.1, we obtain from (1.2),
Substituting these in (2.1) and then simplifying the resulting identity using Maple, we arrive at
From the definition of x and y, we have x = o(q 1/2 ) and y = o(q 3/2 ) as q → 0. Hence, the first factor vanishes for q sufficiently small, whereas the second does not. By the identity theorem, the first factor vanishes for |q| < 1. This proves the theorem.
Lemma 2.2. Let
Proof. As in Lemma 2.1, expressing P and Q in terms of f (−q), we have
Changing q to q 5 , in (2.4), we obtain
Thus, from (2.4) and (2.10), we have
From (2.8) and (2.9), we find that
Employing the above in (1.5), and then dividing throughout by (L 2 L 10 )
Squaring the above identity and then using (2.11) on the left side, we find that
Now, taking squareroots on both sides and then rearranging, we deduce that
Comparing the above, with (2.11), we obtain
Identity (2.7), now follows from the above relation.
Theorem 2.2. Let x := H (q) and y := H (q 5 )
. Then
Proof. Changing q to q 2 in Lemma 2.2, then from (1.2), we have
Replacing q with q 2 in (2.7), then by using the above substitutions for P and Q, and then factorizing using Maple, we deduce that 
As in the proof of Theorem 2.1, the second factor in the product is a nonzero function when |q| → 0, since there is only one term x with leading term q 1/2 . Hence, we conclude that the first factor is equal to zero. This completes the proof of the theorem.
Lemma 2.3. Let
and Q := (q 7 ) q 7/4 (q 14 )
Proof. Proceeding as in Lemma 2.1, we have
(2.14)
Changing q to q 7 in (2.4), we find that
Thus, from (2.4) and above relation, we obtain
The relations (2.13) and (2.14), give
employing this in (1.6) and then dividing throughout by (L 2 L 14 ) 2 , we find that
Now, taking 8th power on both sides and then using (2.15) on the left side, we obtain
Squaring this on both sides and then dividing throughout by (P Q) 4 , we obtain (2.12). Proof. Changing q to q 2 in Lemma 2.3, we obtain from (1.2),
Theorem 2.3. Let x := H (q) and y := H (q 7
Changing q to q 2 in (2.12), and then using the above substitutions for P and Q, and factorizing using Maple, we arrive at From the definitions of x and y, we have x = o(q 1/2 ) and y = o(q 7/2 ) as q → 0. Hence C(x, y) vanishes for q sufficiently small whereas D(x, y) does not. By the identity theorem, C(x, y) vanishes for |q| < 1. Thus, we have
This completes the proof of the theorem.
Lemma 2.4. Let
and Q := (q 11 ) q 11/4 (q 22 )
Also, employing (2.17) in (1.7), and then dividing throughout by ( Proof. Changing q to q 2 in Lemma 2.4, we obtain from (1.1),
Changing q to q 2 in (2.16), and then using the above substitutions for P and Q, and factorizing using Maple, we arrive at This completes the proof of the theorem.
